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Abstract 

We establish some nonlinear integral inequalities for functions defined 
on a time scale. The results extend some previous Gronwall and Bihari 
type inequalities on time scales. Some examples of time scales for which 
our results can be applied are provided. An application to the qualitative 
analysis of a nonlinear dynamic equation is discussed. 
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1 Introduction 

The theory of time scales was introduced in 1988 at Stefan Hilger's PhD thesis, 
with the primary goal to unify and extend the continuous and discrete analysis 
[TOl [TT] . Since then, the theory has been growing up and applied to many 
different fields of mathematics [2 [51 [B] . We refer the reader to [5] for all the 
basic definitions and results on time scales necessary to this work (e.g., delta 
differentiability, rd-continuity, exponential function and its properties). 

It is well known that inequalities play an important role in the study of 
differential and difference equations [H [9l [16] . Among many types of important 
inequalities is Gronwall inequality and their nonlinear extensions, namely Bihari 
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type ones [H [51 [H]. These and many other types of inequahties have been 
derived for the more general setting of time scales [H [3l [131 HH 113 HI] • 

Motivated by the recent paper [7], we establish here some new nonlinear 
integral inequalities on time scales. Our inequalities differ from those found in 
the literature by the introduction of new kind of nonlinearities. In [51 [21 [13] the 
assumption 



is considered with respect to Gronwall's inequality (see e.g., [21 Theorem 5.6]); 
the assumption 



with respect to Bihari's inequality (see e.g., [21 Theorem 5.8]). Here we relax 
both hypotheses ([T]) and ([2]) by adding to their right-hand sides new nonnegative 
terms (cf. ^ and respectively). In Section [2] we state and prove our re- 
sults; in Section [3] one of them is used to estimate the solution of a nonlinear dy- 
namic equation. We employ the concepts of delta-derivative and delta-integral; 
analogous results can be easily obtained using the so called nabla-derivative and 
nabla-integral (for definitions, see [B]). To the best of our knowledge, the results 
are new even for the discrete time case, when the time scale is chosen to be the 
set of integers. 



Throughout we use the notation = [0, oo). Let T be a time scale. For 
a, 6 G T with a < 6, we define the time scales interval by 



Lemma [T] is a useful tool for the proofs of the next theorems. 

Lemma 1. Let a,b E T, consider the time scales interval [a,5]T, and a delta 
differentiable function r : [a, 6]t -> (0, oo) with r-^it) > on [a, b]j. Define 




(1) 





2 Main Results 



[a,b]T = {teT:a<t< b}. 




where g G C(MJ,RJ) is positive and nondecreasing on (0, oo). Then, for each 
t G [a, 6]t we have 
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Proof. Since g is positive and nondecreasing on (0, oo), we have, successively, 
that 

r{t)<r{t) + hii{t)r^{t), 
g{r{t))<g(r{t)+hii{t)r'^{t)), 



1 1 

< 



Jo 



g{r{t)+h^i{t)r^{t)) " g{r{t)) ' 

1 I 

-dh < / —-—dh = 



(3) 



girit) + ht,{t)r^{t)) -J, g(r(t)) gir{t)) 

-dH\rHt)<''^'^ 



/o g{r{t)+hfi{t)r^{t)) \ ^ ^ " g(r(i)) ' 

for all t e [a, \)\^ and /i S [0, 1]. By A-integrating the last inequality in ([3]) from 
a to t and having in mind that the chain rule [31, Theorem 1.90] guarantees that 

(G o r)^(<) = I jjl' G'{r[t) + /i^(<)r^(i))d/i| r^(t) 

we obtain the desired result, except at t = 6 in the case that p{h) < b. To handle 
this case, we just need to integrate the last inequality in ([3]) from a to 6 and use 
[3 Theorem 1.77, item (ix)]. □ 

Theorem 1. Let u{t) and f(t) be nonnegative rd-continuous functions in the 
time scales interval :— [a, 6]t and T^, respectively. Let k{t,.s) be defined as 
in '5, Theorem 1.117] in such a way that k{t,s) and ^^^(t, s) are nonnegative 
for every t, s G T* with s < t for which they are defined ( it is assumed that k 
is not identically zero on x ). Let $ G C(M(j",R(|) be a nondecreasing, 
subadditive and submultiplicative function, such that > for u > and 

let W G C(R(^,R,|) be a nondecreasing function such that for u > we have 
W{u) > 0. Assume that a{t) is a positive rd-continuous function and nonde- 
creasing for t G T» . // 

u{t) < a{t) + ^ f{s)u{s)As + f{s)W (^j^ k{s, t)<^>{u{t))At^ As, (4) 

for a < T < s < t < b, T, s.t £ T^, then for all i G T, satisfying 

*(C) 

we have 

u{t) < p{t)a{t) 

+p{t) jj{s)W ^-^(^{0+ j\{s,T)<^{p(T))<^(^jy{6)Ad^AT^ As, 

(5) 



j''^ k{p{t),s)<P{p{s))^ (^J f{T)AT^ As e Dom{'^-^] 



3 



where 

p{t) = l+ I f{s)ef{t,a{s))As, (6) 

J a 

rP(h) 

C- / k{pib),.sMp{s)a{s))As, 

J a 

^^""^ " L ^WW)"^'' x>0, xo>0, (7) 
and is the inverse o/^'. 

Remark 1. We are interested to study the situation when k is not identicaUy 
zero on T« X . That comprise the new cases, not considered previously in 
the hterature. The case k{t, s) = is studied in [Hj Th. 3.1] and is not discussed 
here. 

Proof. Define the function z(t) in T» by 

z{t)^a{t)+ f{s)w(^j^ fc(s,r)$(u(T))Arj As. (8) 
Then, Q can be restated as 

u{t) < z{t) + / /(s)u(s)As. 



Clearly, z{t) is rd-continuous in t G T,. Using Gronwall's inequality [3l Theo- 
rem 2.7], we get 

u{t)<z{t)^ I f{s)z{s)ef{t,a{s))As. 

J a 

Moreover, it is easy to see that z{t) is nondccreasing in t G T*. We get 

u{t) < z{t)p{t), (9) 
where p{t) is defined by ([6]) . Define 

v{t) = / fc(t,s)$(u(s))As, t e T^ 
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From and taking into account the properties of we observe that 



v{t) < / fc(t,s)$ 



p{s) a{s) + / f{T)W{v{T))Ai 



As 

< I k{t,s)^{p{s)a{s))As + I k{t,s)<^> ip{s) I /(t)VF(z;(t))At ) As 

J a J a \ J a 

rp{b) 

< / k{p{b),sMp{s)a{s))As 

J a 

+ J k{t,s)<i> (^p{s) J /(r)Ar^ $(M^(w(s)))As 
^C + J fc(t,s)$ ^p(s)^ /(t)At^ $(VF(w(s)))As. 
Define function r{t) on by 

r{t)^C+f k{t,s)'S>(p{s) [ /(r)Ar) $(M/(w(s))) As . 



Since p and a are positive functions, we have that $ (a(s)p(s)) > for aU s G T*. 
Since k^^ > 0, we must have C > 0, hence r{t) is a positive function on T^. In 
addition, r{t) is delta differentiable on TJ with 



4-/ k'^'{t,s)^ [p{s) /(t)At $(Vl/(v(s)))As 



(10) 



kia{t),t)^(pit) f f{T)A 



+ ^* fc^i (t, s)* (^p(s) /(r) Ar^ As 



Dividing both sides of inequahty pH)) by <i>(W^(r(t))), we obtain 



^{W{r{t))) 



< 



A:(i,s)$ p(s) / /(t)At As 



n A 



Let us consider the function "if defined by ([7]). Delta- integrating this last in- 
equality from a to t and using Lemma [TJ we obtain 

^ir{t)) <^{r{a)) + [ k{t, s)<^ (p{s) ( /(t)At) As, 



from which it foUows that 



rit) < vf-i (^^{0 + ^ k{t, s)a>(p(s))$ (^^ /(7 



t)At As , t G TJ. (11) 



Combining ITTI) . ([5]) and ([5]), we obtain the desired inequahty □ 

If wc let T = M in Theorem [1] we get [71 Th. 2.1]. If in turn we consider 
T = Z, then we obtain the following result: 

Corollary 1. Let u{t) and f{t) be nonnegative functions in the time scales 
interval T* :— [a, 6]z and [a, b — respectively. Let k(t, s) be defined as in 
J5l Theorem 1.117] in such a way that k{t, s) and k^^ {t, s) = k{a{t), s) - kit, s) 
are nonnegative for every t, s € T* with s < t for which they are defined ( it 
is assumed that k is not identically zero on [a,b — 1]t, x [a, 6 — 2]t,/ Let 
$ € C(]Rj,]R(j") be a nondecreasing, subadditive and submultiplicative function 
such that (E>(u) > for u > and let W G C(R|j',Rj) be a nondecreasing 
function such that for u > we have W{u) > 0. Assume that a{t) is a positive 
and nondecreasing function for i G . // 

t-1 f-l /s-l \ 

u{t) < a{t) + f{s)u{s) + ^ f{s)W E M^, rMuir)) , 

s—a s—a \r— a / 

for a < 1" < s < < < 5, r, s, i G T*, then for all i G T* satisfying 
t-2 /"^i \ 

s=a \r—a J 

we have 



t-1 



u{t)<p{t)U{t) + j2f('^^ 

\ s—a 

where 



't-1 



*(c) + E ^(^' ^mp{rm E /(^) 



p(t) = l + E/(s)e/(t,s + l), 

S—a 

6-1 

C = Y,k{b-l,s)'^{p{s)a{s)), 

S—a 



and ^ ^ is the inverse of . 

For the particular case T = R, Theorem [2] generalizes the result obtained by 
Oguntuase in flS, Th. 2.3, 2.9]. 
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Theorem 2. Suppose that u(t) is a nonnegative rd- continuous function in 
the time scales interval — [a, 6]t and that h(t), f(t) are nonnegative rd- 
continuous functions in the time scales interval T^. Assume that b{t) is a 
nonnegative rd-continuous function and not identically zero on . Let $( u), 
W{u), and a{t) he as defined in Theorem\^ If 

u{t) < a{t) + J f{s)u{s)As + J f{s)h{s)W (^j^ fo(r)$(u(T))AT^ As, 

for a<T<s<t<b, T,s,t£T^, then for all i G satisfying 

+ J"^ ^ &(T)$(p(r))$ (^J^ f{e)h{e)M^ At e Dom{^-^) 

we have 

u(t) < p{t)a{t) 



+p{t) / f{s)h{s)W 



As, 



where p{t) is defined by ^ is defined by and 

fP(b) 

6(s)$ (p(s)a(s)) As. 

Proof, similar to the proof of Theorem [TJ □ 

For the remaining of this section, we use the foUowing class of S functions. 

Definition 1 {{S function) ). A nondecreasing continuous function g : M(j" 
IR(j" is said to belong to class S if it satisfies the following conditions: 

1. g{x) is positive for x > 0; 

2. {\/z)g{x) < g{x/z) for a; > and z > 1. 

Remark 2. For a brief discussion about this class of S functions, the reader is 
invited to consult jjj Sect. 4]. 

Theorem 3. Let u{t), f{t), k{t,s), $ and W be as defined in Theorem[l\ 
and assume that g £ S. Suppose that a{t) is a positive, rd-continuous and 
nondecreasing function. If 

u{t)<a{t)+J^ f{s)g{u{s))As + fi^wi^j^ fc(s, r)$(w(T))AT^ As, (12) 
for a<T<s<t<b, T, SjtCzT^, then for all t Cz satisfying 
G(l) 



f /(r)AT G DomiG-^) 

J a 
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and 



+ Hp{t),T)^q{T))^(^J^ fi9)A0^ATeDom{^-'), 



we have 

u(t) < q{t)max{a{t),l} 



+ lit)J^ f{.s)W VI/-1 (^M/(C) + ^%(s,T)$(g(r))a>(^^'/(0)A0^ At 
where 5* is defined by 

r ds 

G{x) = / — , X > 0, (5 > 0, 
Js 9{s) 

9W = G-i (^G(l) + ^ /(r)Ar), (13) 
C= A:(p(5),s)$(g(s)max{a(s),l}) As, 



and G ^ is the inverse function of G. 
Proof. Define the function 

z{t) = max{a(i), + J fis)W (^j k{s, t)<^{u{t))At^ As. 

Tlien, from we have that 

u{t) < z{t) + I f{s)g{u{s))As. 

J a 

Clearly, z{t) > 1 is rd-continuous and nondecreasing. Since g G we have 

or ^ 

x{t) < 1 + / fis)gix{s))As, (14) 

J a 

with x{t) = u{t)/z{t). If we define v{t) as the right hand side of inequahty ([T4|) . 
we have that v{a) — 1, 

v^{t) = fit)g{x{t)), 

and since g is nondecreasing, 

«^(i) < f{t)g{v{t)), 



or 

Being the case that v^{t) > 0, A-integrating (fT5|) from a to i and applying 
Lemma [TJ we obtain 

Giv{t)) < Gil) + f fir) At, 

J a 

which imphes that 

v{t)<G-' (g{1) + Jj{t)At 

We have just proved that x{t) < q{t), which is equivalent to 

u{t) < q{t)z{t). 

Following the same arguments as in the proof of Theorem [U we obtain the 
desired inequality. □ 

If we consider the time scale T = liL = {hk : k G Z}, where h > 0, then we 
obtain the following result. 

Corollary 2. Let a,b E hZ, h > 0. Suppose that u{t), f{t), k{t,s), $ and W 
are as defined in Theorem [7] and assume that g G S . Suppose that a{t) is a 
positive and nondecreasing function. If 

u{t)<a{t)+ ^ f{s)g{u{s))h+ ^ f{s)W I ^ T)$(u(r))/i U, 

sG[a,t)T, sG[a,t)T, \''"6[a,s)T, / 

for a < T < s < t < b, T, s,t £ = [a, b]hz, then for all t G T, satisfying 
G(l) + J2 /(^)'^ ^ Dom{G-^) 

T-e[a,t)T. 

and 

*(C)+ E Ht-h,T)^{q{T))^l J2 fm\heDom{^-'), 

Te[a,t-h)T, \fe[a,T)T. / 

we have 

u{t) < q{t)\ max{a(i),l} 



se[a,t)T, 
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where 5" is defined by 



ds 

G{x) = / — , X > 0, (5 > 0, 
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q{t) = G-^\G{l)+ J2 f(^)^ 
C= ^ k{b- h,s)^{q{s)ma.x{a{s),l})h, 

s(E[a,6-h)T, 

and G^^ is the inverse function of G. 

Theorem 4. Let u{t), f{t), b{t), h{t), $ and W be as defined in Theorem\^ 
and assume that g G S. Suppose that a{t) is a positive, rd-continuous and 
nondecreasing function. If 

u{t)<a{t)+ f f{s)g{uis))As+ f f{s)h{s)W ( f 6(T)$(«(r))Ar') As, 

for a < T < s < t < b, T, s.t Cz T^, then for all t £ satisfying 

+ ^ 6(r)$(g(T))$ (^J^ f{0)h{e)Ae^ At e Dom{^-^), 

we have 

u{t) < q{t) max{a(i), 1} 



+g(<)^ f{s)h{s)W *"'(*(^") + / b{TMq{T))^ (^J^ f{0)h{e)Ae^ At 
where '5 is defined by Qj, q(t) is defined by and 

fPib) 

^= 6(s)$(g(s)max{a(s),l}) As, 

J a 

Proof, similar to the proof of Theorem [3l □ 

3 An Application 

In this section we use Theorem [2] to the quahtative analysis of a nonlinear 
dynamic equation. Let a, 6 S T and consider the initial value problem 

/ /■* 

,A 



As, 



u'^it) ^ F \^t,u(t), J K{t,u{s))Asj , teT^, u{a)=Ua, (16) 

where = [a, 6]t, u e Cl^lT^, F G Crd[T* x M x M, M] and K e Crd[T* x M, M]. 

In what follows, we shall assume that the IVP (fT6)) has a unique solution, 
which we denote by (t) . 
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Theorem 5. Assume that the functions F and K in il6]) satisfy the conditions 

\Kit,u)\<hitmu\), (17) 
\F{t,u,v)\<\u\ + \v\, (18) 

where h and <i> are as defined in Theorem [H Then, for t G such that 

we have the estimate 

a\ + /i(s)*-i (^*(e) + ^ $(p(r))$ (^^ h{e)A9^ At^ As 

(19) 



k*(0l <p(t)<! I". 

where 



p{t) = 1+ / ei(t,(T(s))As, 
rp(b) 

e= / a>(p(s)|7.,|)As, 

J a 

r 1 

Proof. Let w,(t) be the solution of the IVP Then, we have 

U,{t)=Ua+ F (^s,u,{s), K{s,u,iT))AT)^ As. (20) 

Using (Ull) and ([HI) in ([20l), we have 

|u*|<|ua|+/ (\u4s)\+ f \K{s,u,{t))\At\ As 



<\ua\+J i^\u4s)\ + h{s) J $(|u,(t)|) Arj As. (21) 

A suitable application of Theorem [3 to (HI]), with a{t) = \ua\, f{t) = h[t) = 1 
and W{u) = u, yields HH). □ 
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